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Tém tit ndi dung

Bao cdo trinh bay day du viéc xay dung, phan tich va kiém ching s6 phwong phap phan tir hitu han
(FEM) véi phan tit tuyén tinh titng khic Py két hgp so do sai phan trung tam (leapfrog) cho phuong
trinh séng mot chiéu vdi diéu kién bién Dirichlet thudn nhat. Ngoai phan dan xudt mé hinh va chitng
minh hdi ty, dong gbép chinh cia bao céo 1a phdn tich 6n dinh sdc nét: bang cach tinh twdng minh
phé cta cdp ma tran (5, T'), chung t6i chitng minh diéu kién én dinh cin va da cta so do la

2

At < ——————,
e/ Amax(T1S)

tir d6 suy ra hai hing s6 CFL khac nhau rd rét: At < h/(c\/3) dbi v6i ma trdn khéi lugng day du
va At < h/c dbi véi ma trdn khéi lugng gop. Két qué nay gidi thich chinh xac vi sao wéc lugng
quen thudc At < h/c1a khdng di khi dung khéi lwgng day du. Thyc nghiém sé xac nhan ngudng
ly thuyét tGi bon chit s6 c6 nghia, dong thoi tai 1ap ding bac hoi tu O(h?) trong chudn L? va O(h)
trong nita chuan H'!.

T khoa: phwong trinh séng, phan ti hitu han, sai phan trung tam, diéu kién CFL, khoi lwgng gop,

phép chiéu Ritz.
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1 Gi6i thiéu

Phuong trinh séng 1a mé hinh co ban mé ta sy lan truyén cia dao dong co hoc, séng am va séng dién tur.
Do nghiém giai tich chi ton tai trong mot s6 it trvdng hop ddc biét, viéc xay dung lwge do s6 vira chinh
xdc vita 6n dinh c6 y nghia thuyc tién 16n.

Bai toan dwgc xét trong bao cdo nay la bai toan Dirichlet thuan nhat trén khoang don vi: tim v :
[0,1] x [0,7T] — R sao cho

Pu a0

5 a2 =0, (x,t) € (0,1) x (0,7),
u(0,t) = u(1,t) =0, t € (0,7), 1)
u(z,0) = ug(x), Z(m,O) =ui(x), z€(0,1),

v6i van toc truyén soéng ¢ > 0 cho trude.

Dong gop cua bao cao

1. Dan xuat diay da dang yéu, hé ban roi rac va lwgc do roi rac hoan chinh, kém thudt toan Thomas
do phitc tap O (V) cho méi buge thai gian (Muc 3 va 4).

2. Phan tich on dinh sdc nét (Muc 5): tinh twong minh phé suy rong cta (S,7’) va chitng minh
diéu kién 6n dinh cdn va du, thu duge hai hang s6 CFL riéng biét cho khdi lwgng day da va khoi
lwong gop. Day la diém ma cac trinh bay so Iirgc thwdng chi néu dwéi dang phéng doan.

3. Chitng minh hdi tu chdt ché dya trén phép chiéu Ritz (Muc 6), nhg dé tranh dwgce s6 hang dw
khéng kiém soat dugc va khong can vién tdi bo dé Aubin—Nitsche.

4. Kiém chitng s6 hé thong (Muc 7): xac nhdn bac hoi tu theo ca khong gian 1an thai gian, va dinh
vi nguong on dinh thyc nghiém trung khép vdi ly thuyét t6i bon chit s6 c6 nghia.

Toan bd ma ngu6n tai 1ap két qua dugc cung cap & Phu luc A.

2 Dang yéu va tinh bao toan nang lwgng

2.1 Khong gian ham

Véimién D C R, chudn L?(D) ctia hAm f dugc dinh nghia béi

2 = 24 , 2
ey = [ )P do @

va f goi la binh phuong kha tich néu | f|| ;2 (p) < oo. Theo bét ddng thitc Cauchy—Schwarz, tich cta
hai ham binh phuong kha tich la kha tich, diéu nay bao ddm moi tich phan xuat hién duwdi day déu ton
tai.

Khong gian Sobolev bac nhat H!(0, 1) gém cac ham binh phwong kha tich c6 dao ham suy rong
cdp mot cling binh phwong kha tich. Khong gian con cac ham triét tiéu trén bién duwgc ky hiéu

H;(0,1) == {v e H(0,1) : v(0) = v(1) = 0}.
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2.2 Xay dung dang yéu
Nhan (1) v6i ham thit v € H{ (khong phy thudce ¢) roi 18y tich phan trén (0, 1):

VioPu  ,0%u

Ap dung tich phan titng phan cho s6 hang thi hai va st dung v(0) = v(1) = 0:

L o%u ou 1" L ou ow
—uvdxr = — — ——dx. 4
0 922" " {&rvh o Oz Ox v “)
——
=0dow € H&
Thay vao (3) ta thu dugc dang song tuyén tinh
L o2y s [1Oudv
a(u,v) = ; wvdxqtc ; %%dz:& (5)

Pinh nghia 2.1 (Dang yéu ctia phuong trinh s6ng). Tim u sao cho u(-,t) € H} véimoit € (0,T) va
(u(, 1), v) + & (ug(,t),v,) =0 Vv e Hy, YVt e (0,T), (6)

dong thoi théa méan cac diéu kién ban dau trong (1). O day (-, -) ky hiéu tich vo huéng trong L2(0, 1).

2.3 Bao toan nang lvgng ¢ mirc lién tuc

Tinh chat sau 1a kim chi nam cho toan b phan tich 6n dinh vé sau: lvgc do s6 t6t phai mé phéng dugc
no.

Ménh de 2.2 (Béo toan nang lwgng). Nghiém dti tron ctia (6) bdo toan ndng Iwgng
B(t) = fue, )22 + & s, 0)22, E(t) = E(0) vt € [0,T). @)
Chitng minh. Chon ham tht v = w(+,t) € H} trong (6):
(st, ug) + ¢ (g, Ugt) = 0.

Do (us, u) = & & |lug]|® va (ug, uge) = 34 [luz])?, ta duge 2 & B(t) = 0, tic E 1a héng s6. O

3 Roirac héa khong gian

3.1 Luwéi, nat va phan ti

Chia [0, 1] thanh N phan t&¥ bang nhau véi kich thwéc . = 1/N. Cac nit va phan tit duge dinh nghia
boi

{L‘Z'::(’L'—l)h, i1=1,....,N+1, E; = {‘ri,l‘prl], 1=1,...,N. 8)
h
K
x1 T2 x; Tit1 TN TN41
F1 E; En

Hinh 1: Phan hoach déu ctia khoang don vi [0, 1] thanh cac nit va phan tt.
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3.2 Ham co s@ tuyén tinh tirng khiic

Khong gian phan t& hitu han V}, C H{ gdm céc ham lién tuc, tuyén tinh trén moi phan t va triét tiéu

tai hai dau mut. V&i moéi nit trong j = 2, ..., N, ham co sd mii déi duwgc dinh nghia bgi
r—Tj-1
Tja Tj—1 <z< Ty
. — LTjy1 — X
%i(@) e @ Sw <, ©)
0, trwong hop khac.

Tinh chat then chét 1a ¢;(x;) = 6;5, do d6 moi v, € V}, viét dugc duy nhat dudi dang vp,(z) =
Z;V:Q vj¢;(x) v6iv; = vp(x;); nghia la cac hé s6 chinh la gid tri nut.

Tj—2 Tj-1 Lj Tj+1 Tj+2

Hinh 2: Cac ham co sd tuyén tinh tirng khtic va gia do chéng lan caa chiing. M6i ham chi khac khong
trén t6i da hai phan ti ké nhau, day la nguon goc tinh thwa (ba dwong chéo) cia cac matran 7' va S.

3.3 Hé ban roi rac

Tim nghiém xdp xi dwdi dang

N
Ulz,t) = Z U;(t) j(x) € Vi (10)

Jj=2

Do a(+, -) tuyén tinh theo bién thit hai, chi can kiém tra (6) v4i cac ham co s& ¢;. Thay (10) vao va lay
vp = @

> Uj(t)/ ¢ididz +c*) Uj(t)/ ¢;¢); dw = 0. (11)
= 0 = 0
=T;; =:5;;

Nhdn xét 3.1 (Xt ly diéu kién bién). O day ching t6i khit hdn hai bac tuy do bién Uy va Uy 1 khoi hé,
thay vi gitt ching lai va thay hai phwong trinh b6 sung U; = Uy, = 0 vao hang diu va hang cu6i.
Cach lam sau tuy don gian nhung pha vé tinh déi xitng ctia 7', khién cac thuat toan khai thac tinh doi
xitng (phan tich Cholesky, bién thé déi xitng cta thudt todn Thomas) cho két qua sai mét cach am tham,
va lam mat hiéu lirc phén tich phé & Muc 5. Cach khir bac ti do bao toan tinh d6i xitng xac dinh dwong
caacaT lan S.

Pit U(t) := (Us(t),...,Un(t))T € R* v6in = N — 1, (11) trd thanh hé phwong trinh vi phan
thuong

TU(t)+c*SU(t) =0 (12)

trong d6 T goi la ma trdn khéi ligng, S 1a ma trdn do citng.
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3.4 Tinh twong minh cac hé s6

Tach tich phan theo titng phan ti va dung tinh chat gid d& cuc b, ta thu dwgc cdc ma tran ba dwong
chéo, ddi xitng, xac dinh dwong:

2h h 2 1
Ty = 5 Tiit1 = 5’ Sy = 7 Sii+t1 = 7 (13)
moi hé s6 con lai bang 0. Dang ma tran:
4 1 2 -1
h 1] —
T=— 14 , S = 7 12 . (14)
6 L1 BERE S —
1 4 -1 2

Pinh nghia 3.2 (Ma tran khéi luwgng gdp). Ma trdn khéi lugng gop T" thu dugc bing cach cong don
toan b cac phan ti trén moéi hang cua 7" vao dudng chéo chinh:
h 2h h L
Tilzrzzj:Tij=6+3+6=h, T =03 # ), (15)
tiec T* = h 1. Phép gop bao toan tong khdi lwgng va bién viéc gidi hé tuyén tinh thanh mot phép chia
v0 huéng.

Hé ban rdi rac cling bao toan mét nang lwong, phan anh ding Ménh dé 2.2.
Meénh dé 3.3 (Bao toan nang lugng ban roi rac). Nghiém ctia (12) bdo toan Ej(t) := U'TU +
AUTSU.
Chitng minh. Nhan (12) v6 huéng véi U va ding tinh d6i xting cta T, S: 2 4(UTTU + 2UTSU) =
0. O

4 Roirac hoa thoi gian
4.1 So do sai phan trung tam

Xdp xi dao ham cép hai theo thdi gian bang sai phan trung tam véi budc At, ky hiéu U™ ~ U (t,),
tn = nAt:

Un+1 —U™ + Unfl

r At?

Nhdn xét 4.1 (Khong tinh ma tran nghich do). Viét (16) dudi dang U™ ! = —c2AL2T-1SU™ +2U" —
U™~ 1a khong nén trong cai dat: 7! 1a ma tran ddc, 1am mat tinh thua va tdng chi phi 1én O(N?) méi
buwéc. Thay vao dé, ta tinh vé phai b" := —c?At>SU™ roi giai hé ba dudng chéo Tz = b" bing thuat
todn Thomas v&i chi phi O(N) va dd chinh xac t6t hon.

+32SU™ = 0. (16)

4.2 Khéi tao bac hai

So do (16) la so d6 hai budc nén can U va U'. Khai trién Taylor t&i bac hai va ding chinh phwong
trinh (12) dé thay U (0):

1 0 o A - 70 2n—1 g 770
Nhén xét 4.2 (Vi sao khong ding khai tao bac nhat). Xap xi don gian U = U 4+ AtU? chi chinh xac
bac mét, gy sai s6 O(At?) ngay tai budc dau tién. Sai s6 ndy khong tdt dan trong mot so do bao toan
ning lwgng ma dwgc mang theo suét qua trinh, 1am tut bac hoi tu téng thé tr O(At?) xuéng O(At). Vi
vay (17) 1a bat bugc dé dat bac hai nhw Binh ly 6.5 khang dinh.
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4.3 Thuat toan

Algorithm 1: FEM P; + leapfrog cho phuong trinh séng mét chiéu
Imput: N, At, Teng, ¢, dit liéu ban dau ug, u1
Output: UM ~ U (Tyq)
1 Lap T, S ba duong chéo theo (13)
N - N
2 U° + (uo(zy)) U° + (ui(zy))

j=2’ Jj=2
3 Gidi Ta = —c>SU" bing Thomas // a=U°
4 U+ U° + AU + JAt%a // khoi tao bac hai
5 forn < 1to M — 1do
6 b+ —2SU" // tich ma tran thua, O(N)
7 Gidi Tx = b bang thuat toan Thomas // O(N)
8 Ut « 2" — U™ ! + A’z
9 end

10 return UM

Tong chi phi la O(N') cho mdi budce thoi gian, titc O(M N) cho toan by mé phéng véi M bude.

5 Phan tich on dinh sac nét
Day la phan trong tam cta bao cdo. Chiing t6i sé chitng minh diéu kién 6n dinh cdan va da, thay vi chi
néu wéc lwgng At < h/c theo théi quen.
5.1 Phan ra theo mode riéng
Vi T déi xtitng xac dinh duwong va S dbi xitng, bai toan trj riéng suy rong
Swy = M\ Twy, k=1,...,n, (18)

c6 n tri riéng thue duong A\, va hé véc-to riéng {wy} trec giao theo tich v6 hudng sinh béi 7'. Khai
trién U™ = ), ajwy, va thay vao (16), méi mode tach doc lap:

aZH — (2 —pg)ay + az_l =0, = AL\ (19)
Bo dé 5.1 (Diéu kién 6n dinh theo mode). Nghiém ctia (19) bi chdn déu theo n khi va chi khi 0 < py < 4.

Chitng minh. Phwong trinh dic trung 1a 22 — (2 — pug)z + 1 = 0 vé6i tich hai nghiém bang 1. Néu
|2 — | < 2, biét thitc (2 — pz)? — 4 < 0 nén hai nghiém 1a c&ip lién hgp phitc phan biét c6 mddun 1:
nghiém bj chdn. Néu |2 — ug| > 2, hai nghiém thyc phan biét c6 tich bang 1 nén mét nghiém c6 médun
16n hon 1: nghiém tang theo cap s6 nhan. Néu |2 — | = 2, nghiém kép z = +1 sinh nghiém dang nz"
tang tuyén tinh, cing khéng bi chan. Vi py, > 0, diéu kién |2 — ux| < 2 twong dwong 0 < py < 4. O

Dinh ly 5.2 (biéu kién 6n dinh can va du). So do (16) 6n dinh khi va chi khi

2
At < ﬁ’ )\max = )\max (T_IS) (20)

Chitng minh. Ap dung B6 dé 5.1 cho moi mode: diéu kién 15, < 4 v6i moi k twong duong c? At? Apax <
4, titc (20). Ngugc lai, néu At vugt ngudng thi mode (tng vE&i A\pax tdng theo cap so6 nhan. O
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5.2 Nang lugng roi rac va tinh xac dinh duwong

So do leapfrog bao toan chinh xadc mot dang nang lwgng rdi rac; diéu kién CFL chinh la diéu kién dé
dang d6 xdc dinh duong.

Ménh dé 5.3 (Bdo toan nang lwgng rdi rac). Dai lugng

2
+(surthTur, )k =0 T, 1)
T

gn+1/2 . Un+1 —_pyn
' At

duoc bdo toan chinh xdc: £711/2 = €712 v6i moi n. Hon nita, £"+1/2 1a dang toan phuong xdc dinh
duong theo (U™, U™ 1) khi va chi khi (20) théa man.

Chitng minh. Dt D" := (U™ — U™)/At. Nhan (16) v6 hung véi (U™! — U"1)/At = D" +
D1
(T(D" — D" 1)) (D" + D" ') + &(sU™) (U™ — U™ty = 0.

S6 hang dau bang HD”H% - HD”*1 ||2T do T d6i xitng. S6 hang sau, cling nho S d6i xitng, bang
C2 |:(SUTL+1)TUH _ (SUTL)TUH—I:| )
Cong hai két qua lai dwoc £711/2 = gn—1/2,
Vé tinh x4c dinh dwong, khai trién theo mode riéng nhw (19). Vi mode chuan héa sao cho ||wy||; =

1, phan déng gép cua mode & la

]' n n n n
(@2 + (@) = 2 — ) a1

At?
tic dang toan phwong v4i ma trén ( _ (2_1/%) /2 7(271“ #)/2 ) Ma trén nay xac dinh dwong khi va chi khi
|2 — pg| < 2, t0c 0 < py < 4 — trung ding diéu kién (20). O

Nhdn xét 5.4. Ménh dé 5.3 cho thdy so d6 leapfrog m6 phdng diing tinh bao toan nang lwgng cia Ménh
dé 2.2: bién d6 nghiém s6 khong tang ciing khong tat. Sai s6 dai han chu yéu la sai s6 pha (tan sac so),
diéu dwoc xac nhan ré ¢ Hinh 4.

5.3 Hang s6 CFL twong minh

Gio ta tinh Apax mot cach chinh xac. Pay la bwde bién (20) tir diéu kién tritu twgng thanh con sé cu thé.

Pinh ly 5.5 (Pho suy rong va hang s6 CFL). Vdi phan tir Py trén ludi déu, cdc tri riéng cta (18) la

6 1—cosb km
Moo= 2Pk g 2T 1, N—1  (khoi lugng day di 22
F T2 2T cosO, E= e (khoi luvgng day du),  (22)
2(1 — cos ,
Ny = 202000 i taomg gop). (23)

Do d6 Amax < 12/h? va AL < 4/h?, va diéu kién (20) kéo theo cdc diéu kién du, déc Idp véi h:

At < e ~ 0.5774 h (day du), At < h (9%p). (24)
V3 c c

Chitng minh. Ca T va S trong (14) déu la ma tran Toeplitz ba dwdng chéo doi xtirng cing cdn = N —1,
nén ching c6 chung hé véc-to riéng (wy); = sin(jby), 6 = kn/N. Tri riéng twong ng ctia ma trdn
atridiag(3, v, 8) 1a ya + 23 cos 0. Ap dung cho (14):

2 — 2cos by,
h 9

h (44 2 cos 0y)

eig(T) = ———=.

eig(S) = 5
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Vi chung véc-to riéng, \j la thwong cta hai dai lugng trén, cho (22). Ham s — (1 — s)/(2 + s) giam
ngdt trén (—1,1), dat can trén 2 khi s — —1, do d6 Apax < 6 - 2/h? = 12/h2, suy ra 2/(cv/Amax) >
%h/(cv/T2) = h/(cV3).

V6i khoi lugng gop T = R, ta c6 \; = eig(S)/h, cho (23), va AL, < 4/h* dan t6i At <

h/ec. O

Nhdn xét 5.6 (Y nghia thyc tién). Dinh ly 5.5 1y gidi mot hién twgng dé gay ngd nhan. Diéu kién CFL
”kinh dién” At < h/c von dugc suy ra cho so do sai phdan hitu han (twong tng khoi lwgng gop). Khi
dung khéi ligng ddy du, ma tran 7' 1am phé ctia 7S gidn ra hé s6 3, khién nguwdng 6n dinh co lai con
1/4/3 ~ 57.7% gia tri quen thudc. Do d6 chon At = 0.8 h/c — hoan toan ”hgp 18” theo At < h/c —
sé khién nghiém s6 phan ky. N6i cach khac, At < h/c la diéu kién cdn nhung khéng di d6i véi cong
thitc khoi lwgng day da.

Nhdn xét 5.7 (Vi sao bat 6n dinh d6i khi ”xudt hién mu6n”). Mode bat 6n dinh lu6n la mode tdn sé cao
nhdt (8, — ). DIt liéu ban dau tron hau nhw khong cé thanh phan theo mode nay, nén bién d6 ban dau
clia né chi ¢ mitc sai s6 1am tron € ~ 10716, V&i 1 = 4 + ¢, hé s6 khuéch dai méi buéc xap xi 1 + /€;
hién twgng buing n6 chi quan sdt duge sau M budc khi e(1 + /€)™ = O(1). Biéu nay gidi thich vi sao
khi viegt ngwdng rét it, lwwdi tho co thé trong “van 6n” trong khi lwdi min (nhiéu buwdc hon) da phan ky
— xem Bang 3.

6 Phan tich hoi tu
Sai s6 tong thé dwgc tach thanh hai phan d6c 1ap nho bat dang thitc tam giac:

u(ty) — U" = (u(tn) — Up(ta)) + (Un(t,) — U"), (25)

t6ng thé sai s6 khong gian sai s8 thoi gian

trong dé Uj, la nghiém ban rdi rac (12) va U"1a nghiém rdi rac hoan chinh.
Gia thiét 6.1 (D9 tron). Gia st nghiém chinh xac théa u € C*([0, T]; HP*1(0,1)) v6ip > 1labéc da

thitc phan tit (p = 1 trong béo co nay). Bac tron C* theo thdi gian 1a can thiét vi danh gid sai s6 chit
cut (31) dung t6i dao ham thai gian cap bon.

6.1 Phép chiéu Ritz
Lwa chon phép chiéu la mau chét ky thuat cta toan bo chitng minh.

Pinh nghia 6.2 (Phép chiéu Ritz). V6i w € H{, phép chiéu Ritz Ryw € V}, duge xac dinh duy nhat
béi
((w—Rpw)z,vp ) =0 Yup, € V. (26)

Dinh nghia nay khién sai s6 chiéu truc giao véi Vj, theo tich vo huéng nang lwgng. Ta c6 cac vdc
lvgng noi suy chuan (xem [1, 2]):

lw—Rpw| 2 < ChPt! lwll gp+1 lw — Rpw| g < CRP ||| g1, (27)

va cac wéc lvgng twong tw cho 9, Oy cia w — Rpw do Ry, giao hoan véi dao ham thoi gian.

Nhdn xét 6.3 (Vi sao Ritz chit khong phai n6i suy). Néu dung phép ndi suy nit théng thvong, phwong
trinh sai s6 s& chita s6 hang ¢ (1), 0, ). Chin s6 hang nay béng bat ding thitc Young sinh ra ||0;, H2 —
mot dai lwgng khéng ndm trong nang lugng E(t) = ||9t|]2 + 2 HQQCHQ, nén bd dé Gronwall khong ap
dung dugc va 1ap luédn sup do6. V&i phép chiéu Ritz, (26) khién s6 hang d6 triét tiéu hodn toan. Day cling
1a 1y do ta khong can ding b6 dé Aubin—Nitsche dé thu dugc bac hP*1.
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6.2 Sai s6 khong gian

Pinh ly 6.4 (Danh gia sai so6 khong gian). Dudi Gid thiét 6.1, vdi diéu kién ban dau U, (0) = Rpuo,
Un+(0) = Rpu1, ton tai hdng s6 C > 0 déc ldp vdi h sao cho

Jlu— Uh”Loo(o,T;y) < Chp“a lu — Uh‘LOO(O,T;Hl) < Ch”. (28)

Chitng minh. Tache:=u—Up,=n+0v6in:=u—Rpuval := Ryu— Uy € V},.
Ldy hiéu dang yéu (6) va hé ban rdi rac, v6i moi vy, € V!

(ett7 'Uh) + 02 (eita Uh,x) - 0
Thay e = 1 + 6 va chuyén vé:
(O, vp) + € (02, vh0) = — (M, 08) — ¢ (N, Vnz) -
=0 theo (26)
Day chinh la choé phép chiéu Ritz phat huy tac dung. Chon vy, = 6; € Vj,:

Ld

1 1
5 (1007 + 2 10:1%) = = (e, 00) < 5 llnall> + 5 4]

trong d6 ta di ding bat ding thitc Cauchy—Schwarz va Young. Pit E(t) := ||6;]|* + ¢2||6.]%; vi
16¢]|* < E(t), tich phan tir 0 dén ¢ va ding 6(0) = 6,(0) = 0 (do cach chon diéu kién ban dau) cho

E@SLH%@W®+AE@%-

B6 dé Gronwall cho E(t) < e” fOT ||m¢¢]|? ds. Theo (27) ap dung cho 7y, ta c6 fOT |mee]|? ds < Ch2P D)
do do
6] < CRPFYl6s ]l < CRPEL

Chii y bac thu dwgc 1a AP+ cho cd hai, manh hon hin so véi khi diing ndi suy. Cudi cling, bat déng thitc
tam giac két hgp (27):

lellz2 < lnllpz + 11012 < CRPFL el < Inlgn + [162]] < CRP,

trong d6 |62 < C'||6.]| theo bt ding thitc Poincaré. O danh gia thit hai, s6 hang trdi 1a |n|;1 <
ChP. O

6.3 Sai so thoi gian

Dinh ly 6.5 (Panh gia sai s6 thaoi gian). Gid st diéu kién 6n dinh (20) dugc théa mdn va diing khéi tao
bdc hai (17). Khi dé ton tai C' > 0 déc ldp vai At sao cho

HUh(tn) _pn

< C A, Up(ty) —U"| < CA#, 0<t,<T. (29)
L2 H!

Chitng minh. DPate™ := Up(t,) — U". Thay vao (16) va trir di hé ban roi rac:

n+1 _ 2en n—1
TE A€t2 +e +c2Sem =17, (30)

v0i sai sO chat cut

TN =T (Uh(tn-i-l) - 2UZ§§TL> + Uh(tn—l) _ Uh(tn)> )
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Khai trién Taylor tgi bac bon (hgp 1€ nhg Gia thiét 6.1) cho
|7 < CAt*  max }HU};D(S)H. (31)

SE[tnflythfl
Ap dung dong nhét thitc ning lwgng ctia Ménh dé 5.3 cho phwong trinh sai s6 (30): dat
2
+ 2 (S€n+1)T€n’
T

En-i—l —en

8214—1/2 — N

thi thay vi bao toan, ta c6 £27/% < 272 + CAt |[7)? + CAt 272 Nha (20), Ménh d& 5.3 bédo
dam &, xdc dinh duong, va ton tai x > 0 (phu thudc bién do .y cach 4 bao xa) sao cho

g§+1/2 > K ( + 2 HEnJrl“z) .

Day chinh 1a vai tro cta diéu kién CFL trong chitng minh hdi tu: néu thiéu nd, £, c6 thé am va khong
kiém soat dwgc sai so.
Lay tong tt n = 1 dén M — 1 va ap dung bo dé Gronwall rdi rac:

E:n—&-l —en 2

At ||y

M—-1
EMTR < T (e oay TP,
n=1

Khéi tao bac hai (17) cho £2/% = O(At*), con (31) cho At S |72 < At - M - CAt* = CTAE,
vay &7/ < CAt*, va do tinh xéc dinh dwong & trén, [|eM|| , < CAR, tic |eM |, < CAE2. Bét
dang thitc Poincaré cho luon HsM H 2 < CAt? O

Nhdn xét 6.6. Chu y ring (29) cho bac At? trong cd hai chudn, chit khong phai At trong chuan H': so
do leapfrog c6 bac hai dong déu theo thdi gian. Diéu nay dugc xac nhan béi Bang 2.
6.4 KEét qua hoi tu tong thé

Dinh ly 6.7 (Ho6i tu ctia phwong phap FEM). Duéi Gia thiét 6.1 va diéu kién 6n dinh (20), ton tai hdng
s6 C' > 0 dbc Idp véi h va At sao cho

Hu(tn) _ fJ"HLQ < (bt + AP, 32)

’u(tn) _pr

P 2
. < C(hP + At?). (33)
V&i phan tit tuyén tinh p = 1 va chon At = 0h théa (24), sai s6 dat bac O(h?) trong chudn L? va O(h)
trong nita chudn H'.

Chitng minh. Ap dung bat déng thitc tam gidc cho (25), dung Pinh 1y 6.4 cho s6 hang thi? nhét va Dinh
1y 6.5 cho s6 hang thit hai. O

7 Keét qua thuc nghiém so

7.1 Thiét lap
Chung t6i 1y ¢ = 1 va nghiém chinh xac dang séng dirng chu ky 1:

u(z,t) = cos(2nt) sin(2mz), ug(z) = sin(2rz), wui(z)=0. (34)
Sai s6 dugc do tai Teng = 1 bang cong thic cau phuong Gauss—Legendre 5 diém trén moi phan ti
(chinh x4c tGi da thitc bac 9, do d6 sai s6 cau phwong la khong dang ké so vai sai s roi rac hoa). Ky
hiéu 6 := At/h. Cai dat bang Python véi thw vién NumPy; ma nguon day di ¢ Phu luc A. Thuat toan
Thomas va tich ma tran thwra da dwgc kiém chitng ddc 1ap vé6i dai s tuyén tinh dic (sai léch ~ 7 x 10~19),
va cong thitc phé (22) dwgc d6i chiéu véi scipy. linalg.eigh (tring khép t6i 10~13).
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7.2 Thuc nghiém 1: bac héi tu theo khong gian

Baéng 1 trinh bay sai s6 v&i 6 = 0.5, théa man (24) cho khoi Iwgng day da. Bac hai tu thie nghiém dugc

udc lugng béi p ~ log, (E(h)/E(h/2)).

Béng 1: Sai s6 va bac hdi tu thuc nghiém, khoi lwgng day du, 0 = At/h = 0.5, do tai Teng = 1.

N h At Hu—U bac (u—U bac
L? H!
10 0.100000 0.050000 3.0679 x 1072 — 8.0145x 10"t} —
20 0.050000 0.025000 6.6945 x 1073 2.20 4.0227 x 101 0.99
40 0.025000 0.012500 1.6129 x 10~3 2.05 2.0138 x 10~} 1.00
80 0.012500 0.006250 3.9944 x 10~% 2.01 1.0072 x 10~! 1.00
160 0.006250 0.003125 9.9623 x 10~°> 2.00 5.0364 x 1072 1.00
320 0.003125 0.001563 2.4891 x 107° 2.00 2.5183 x 10~2 1.00

Béc hi tu hoi vé ding 2.00 va 1.00, khép chinh xac véi Dinh 1y 6.7 khi p = 1. Hinh 3 minh hoa
bang do6 thi log—log: cac diém dit liéu nam song song vdi dwong tham chiéu 1y thuyét trén toan dai.

1072 3

1073 3

Sais6 L2

1074 3

Chu&n L2 — bac 2

1 == Ju-0u.
--- 0O(h?)

Sai s6 H!

1071

1071 1

Ntra chudn H! — bac 1

{ - lu=0lpe
1 --- 0©(h)

1071

Hinh 3: Db thi log-log ctia sai s6 theo h v6i § = 0.5. Puong diit nét 1a cic dudng tham chiéu O(h?) va

O(h).

Hinh 4 so sanh nghiém s6 v&i nghiém chinh xac. Tai ¢ = 20 (sau 20 chu ky), bién do nghiém so
khéng taing — diung nhw Ménh dé 5.3 dy doan — sai s6 quan sat dugc chi yéu la 1éch pha, titc tan sac

s0.
t=0.0 t=0.125 t=0.5
1
=y
5 0
5]
-1 Chinh xdc ~ —e— FEM
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
X X X

Hinh 4: Nghiém FEM (IV = 20, 8 = 0.5) so v&i nghiém chinh x4c. Bién dd dugc bdo toan sau 20 chu

ky; sai s6 dai han la sai s6 pha.
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7.3 Thuc nghiém 2: bac héi tu theo thoi gian

Dé tach riéng sai s6 thoi gian khdi sai s6 khong gian, ta c6 dinh NV = 200 va so sanh cac nghiém tng
v6i At gidm dan theo kiéu Richardson: dai lwvgng HU A —U At/2 H c6 cung bac vdi sai so thai gian.

Bang 2: Bac hoi tu theo thai gian, N = 200 ¢6 dinh, Tpng = 1.

6= At/h At HUN . UAt/Q‘ bac

L2

0.500000 2.500 x 1073 1.023662 x 1078 —
0.250000 1.250 x 1073 2.299690 x 10~° 2.15
0.125000 6.250 x 10~* 5.586810 x 10719 2.04
0.062500 3.125 x 10~* 1.386980 x 10719 2.01
0.031250 1.563 x 10~* 3.466993 x 10—t  2.00

Béac 2.00 xac nhan Pinh ly 6.5, déng thai khang dinh vai tro cta khdi tao bac hai (17) nhw da néu &
Nhén xét 4.2.

7.4 Thuc nghiém 3: dinh vi nguwong on dinh

bay la kiém ching tryc tiép cho Pinh ly 5.5. Ta quét § = At/h va ghi lai max;|U JM | sau M =
| Tena/ At ] budc, véi dit liéu ban dau chuan héa max;|U ]0\ = 1. B& mode bat 6n dinh 16 ra ngay (xem
Nhan xét 5.7), ta kich thich né véi bién do 108,

Bang 3: Hé s6 bién do maxj|UJM | khi quét 0, khéi lwgng day du. Ngudng giai tich: 6*(N=80) =
0.577684, 0*(N=160) = 0.577434; gi6i han h — 013 1/v/3 = 0.577350.

0 N =80 N =160 Trang thai
0.5700 9.999 x 10~' 9.999 x 10~! 6n dinh
0.5774 9.997 x 10~1 1.000 6n dinh
0.5776  9.998 x 10! 1.002 N=160 vira vigt nguong
0.5778 9.998 x 10! 2.362 N=160 phan ky

0.5780 9.999 x 10~ 2.065 x 10> N=160 phan ky
0.5800  2.242 x 10> 1.623 x 10'*  ca hai phan ky

Ngudng thi'e nghiém trung khép véi 6* gidi tich téi bon chir s6 co nghia. Pang chu y, véi 0 = 0.5776
thi N = 160 da phan ky trong khi N = 80 van 6n dinh — hoan toan nhét quan véi 6* gidam dan theo NV
nhw (22) tién doan.

Hinh 5 cho thdy toan canh: hai bac thang dung ditng xudt hién diing tai 1/1/3 (khéi lugng day du)
va 1 (kh6i lwgng gop), xac nhan tron ven (24).
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Ngu&ng 6n dinh thuc nghiém (N =160, c=1)

19 | : ]

10 —— Khéi lugng day du !

10554 — Khéi luong ¢op

X :

£ 107 - i

103 + !
101 T T T T T

0.4 0.6 0.8 1.0 1.2
6 = At/h

Hinh 5: Hé s6 bién d theo 8 = At/h v6i N = 160. Nguwdng on dinh ctia khéi lwgng day dia nam tai
1/4/3 =~ 0.577, ctia khéi lwgng gop tai 1, diing nhw Dinh 1y 5.5.

Hinh 6 minh hoa Ménh dé 5.3: dudi ngudng, nang luwgng rdi rac 1a hang so téi sai s6 may suot 20
don vi thoi gian; vigt ngudng du chi 0.4%, nang lvgng bung no theo cap s6 nhan.

Nang lugng roi rac theo thoi gian (N = 80)

28 |
10 —— 6=0.50 (6n dinh)
1022 A —— 6=0.5770<6"
& —— 6=0.5800>06"
1076
Z 1010_
Ly
104 |
T T T T T T T T
0.0 2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0

t

Hinh 6: Ning lwgng roi rac £711/2 chudn héa theo thai gian (N = 80). Véi 6 < 6* ning luong duoc
béo toan chinh xac; v6i # > 6* n6 tang theo cap s6 nhan.

7.5 Thuc nghiém 4: hiéu qua ctia khoi hegng gop

Cu6i cung, ta 1ap lai Thuc nghiém 1 vGi ma trdn khoi lwong gop va 6 = 0.9 — gia tri vt ngudng ctia
khéi lwgng day di nhung van nam trong ngudng 6 < 1 cta khdi lwgng gop.

Bang 4: Sai s6 va bac hdi tu v6i ma tran khoi lvgng gop, 6 = 0.9. Bude thai gian 16n hon 56% so véi

Bang 1 ma van 6n dinh.

N h Hu—(j‘ bac )u—U bac
L2 H!
10 0.100000 2.5370 x 1072 —  8.0057 x 107} —
20 0.050000 6.3636 x 1073 2.00 4.0226 x 10~1 0.99
40 0.025000 1.5922 x 10™3 2.00 2.0138 x 10~! 1.00
80 0.012500 3.9815x 10~* 2.00 1.0072 x 10~' 1.00
160 0.006250 9.9542 x 107 2.00 5.0364 x 10=2 1.00
320 0.003125 2.4886 x 107° 2.00 2.5183 x 1072 1.00
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Khéi lwgng gop gitt nguyén bac hoi tu O(h?), tham chi sai s6 L? con nhé hon chiit it, dong thai cho
phép buéc thoi gian 1én hon v/3 ~ 1.73 1an va bién viéc giai hé thanh phép chia vo huéng. Day 1a lya
chon wu viét rd rét cho bai toan séng.

8 Kaeétluan

Béo céo da xay dung, phan tich va kiém chitng day da phuwong phap phan tir hitu han P; két hgp sai
phén trung tdm cho phwong trinh séng mot chiéu. Cac két luan chinh:

1. Veély thuyét. Phwong phap hoi tu véi bac O(h? + At?) trong chuan L2 va O(h + At?) trong nita
chuén H'! (Pinh ly 6.7). Viéc dung phép chiéu Ritz thay cho phép ndi suy lam chitng minh gon
hon han va loai bé nhu ciu ding b6 dé Aubin—Nitsche.

2. Vé én dinh. Diéu kién can va du 1a At < 2/(cy/Amax) (Pinh 1y 5.2). Tinh twdng minh phé cho
hai héng s6 CFL khac biét: h/(cv/3) cho khéi luwgng day da va h/c cho khéi lwgng gop (Pinh
ly 5.5). Vi vay wdc luwgng quen thuéc At < h/c la khéng dua khi dung khoi lwgng day du — mét
cai bay dé mac trong thyc hanh.

3. Vé thuc nghiém. Bic hoi tu do dugc trung khdp ly thuyét (2.00 va 1.00), va ngudng 6n dinh thyc
nghiém trung v&i dy doan gidi tich t&i bon chit s6 cé nghia.

4. Vé thuc hanh. Khéi lwvgng gbp la lya chon dwge khuyén nghi: giit nguyén bac chinh xac, cho
phép At 16n hon +/3 lan, va loai bo hoan toan chi phi giai hé tuyén tinh mdi budc.
Huéng phat trién

« MG rong 1én hai va ba chibu, noi diéu kién CFL tr& thanh At < h/(c\/d) v6i d 1a s6 chiéu, va
khéi lwgng gop cang c6 1gi do chi phi giai hé ting nhanh.

» Dung phan ti bac cao p > 2 d€ dat bac hoi tu cao hon; khi dé can tinh lai A\« vi hdng s6 CFL
phu thudc p (gidm dan theo p?).

+ Khdo sat cac so d6 thoi gian an (Newmark, trung diém) von 6n dinh vo diéu kién, danh d6i bang
chi phi giai hé & m6i budc.

+ Phan tich sai s6 tan sac (phase error) mgt cach dinh Iwgng, vi nhw Hinh 4 cho thdy day méi la
nguon sai s troi trong mo6 phong dai han.
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A Ma nguon tai lap két qua

Toan bo két qua s6 trong Muc 7 dugc sinh bdi doan ma dudi day (Python 3 v6i NumPy). Ham solve trd
veé cdp sai so (||| 2, || ;1) tai thoi diém cudi; ham lam_max tinh Apmax theo cong thitc giai tich (22).

Listing 1: Cai dit FEM P, + leapfrog cho phuwong trinh séng mat chiéu.

FEM 1D cho phuong trinh song: u_tt - c/A2 u_xx = 0 tren (0,1)x(0,T),
Dirichlet thuan nhat, phan tu P1, leapfrog (sai phan trung tam).

G W N =

Khu bac tu do bien -> he doi xung xac dinh duong (giu duoc tinh doi xung).
6 Khoi tao buoc dau bac hai. Giai he 3 duong cheo bang thuat toan Thomas O(N).

mwin

8 dimport numpy as np

14 def assemble(N, lumped=False):

15 h=1.0/N

16 n=N-1

17 if lumped:

18 Td, Tl = np.full(n, h), np.zeros(n - 1)

19 else:

20 Td, Tl = np.full(n, 2.0 * h / 3.0), np.full(n - 1, h / 6.0)
1 Sd, SU = np.full(n, 2.0 / h), np.full(n - 1, -1.0 / h)

return (Td, Tl), (sd, Sl), h

25 def tri_mul(diag, off, v):

26 """Nhan ma tran 3 duong cheo doi xung voi vector
7 w = diag * v

8 w[:-1] += off * v[1:]

9 w[1:] += off * v[:-1]

return w

mwnn

&}

4 | # 2. Thuat toan Thomas (O(N)) cho he 3 duong cheo doi xung
T
36 def thomas(diag, off, rhs):

37 n = len(diag)

38 if n == 0:

39 return rhs.copy()

40 if np.allclose(off, 0.0):

41 return rhs / diag

42 cp = np.empty(n - 1)

43 dp = np.empty(n)

44 cp[0] = off[0] / diag[0O]

45 dp[0] = rhs[0] / diag[0]

W oW W W W W N NN

46 for i in range(1, n):

47 m = diag[i] - off[i - 1] * cp[i - 1]

48 if i <n - 1:

49 cp[i] = off[i] / m

50 dp[i] = (rhs[i] - off[i - 1] * dp[i - 1]) / m
51 X = np.empty(n)

52 x[-1] = dp[-1]

5 for i in range(n - 2, -1, -1):

54 x[i] = dp[i] - cp[i] * x[i + 1]
55 return x
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61 _GP, _GW = np.polynomial.legendre.leggauss(5)

64 def errors(Uint, N, t, c=1.0):

65 """yint: gia tri tai cac nut trong. Nghiem chinh xac cos(2 pi c¢ t) sin(2 pi x).
66 h=1.0/N

67 U = np.concatenate(([0.0], Uint, [0.0])) # them 2 nut bien

68 x1 = np.arange(N) * h

69 s = 0.5 * (_GP + 1.0) # toa do tham chieu [0,1]

70 xq = x1[:, None] + h * s[None, :]

71 w =0.5*h * _GW[None, :]

72

73 Ug = U[:-1, None] * (1 - s)[None, :] + U[1:, None] * s[None, :]

74 dug = ((U[1:] - U[:-1]) 7/ h)[:, None]

76 ue = np.cos(2 * np.pi * ¢ * t) * np.sin(2 * np.pi * xq)

77 due = np.cos(2 * np.pi * ¢ * t) * 2 * np.pi * np.cos(2 * np.pi * xq)
78

79 12 = np.sqrt(np.sum(w * (Ugq - ue) ** 2))

80 hi = np.sqrt(np.sum(w * (duq - due) ** 2))

81 return 12, hi

82

83

L
85 # 4. Vong lap thoi gian

I e
g7 def solve(N, theta=0.5, T=1.0, c=1.0, lumped=False):

88 """theta = dt / h. Tra ve (12, h1) tai thoi diem T."""

89 (Td, T1), (Sd, Sl), h = assemble(N, lumped)

90 dt = theta * h

91 M = max(1, int(round(T / dt)))

92 dt = T / M # chia deu de dung dung T

93

94 x = np.linspace(®, 1, N + 1)[1:-1]

95 U0 = np.sin(2 * np.pi * x) # u(x,0)

96 VO = np.zeros_like(U®) # u t(x,0) = 0

97

98 # Khoi tao bac hai: Ul = U@ + dt VO + dt/r2/2 * UddO, Udde = -c/r2 TA{-1} S UO
99 A® = thomas(Td, Tl, -(c ** 2) * tri_mul(Sd, S1, U0Q))

100 Um, Uc = UG, UO + dt * VO + 0.5 * dt ** 2 * A0

101

102 for _ in range(1, M):

103 rhs = -(c ** 2) * tri_mul(Sd, S1, Uc)

104 Un =2 * Uc - Um + dt ** 2 * thomas(Td, T1l, rhs)

105 Um, Uc = Uc, Un

106 if not np.isfinite(Uc).all()

107 return np.inf, np.inf

108 return errors(Uc, N, T, c)

109

111 def lam_max(N, lumped=False):

112 """Tri rieng suy rong lon nhat cua (S, T) - cong thuc giai tich."""
113 h=1.0/N

114 th = np.arange(1, N) * np.pi / N

115 if lumped:

116 return np.max((2 - 2 * np.cos(th)) / h ** 2)

117 return np.max((6 / h ** 2) * (1 - np.cos(th)) /7 (2 + np.cos(th)))

118

119

120 | # = mm o mm e m e e e e e e oo
121  # 5. Quet on dinh: giu dt = theta*h CHINH XAC, do he so tang bien do
I e
123 def growth(N, theta, T=1.0, c=1.0, lumped=False):

124 """Tra ve max|U| sau M = floor(T/dt) buoc, voi dt = theta*h chinh xac.
125 (Td, T1), (Sd, Sl1), h = assemble(N, lumped)

126 dt = theta * h

127 M = max(1, int(T / dt))

128 X = np.linspace(®, 1, N + 1)[1:-1]

129 U0 = np.sin(2 * np.pi * x)
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30 AO = thomas(Td, Tl, -(c ** 2) * tri_mul(Sd, S1, U0))
31 Um, Uc = UQ, UB + 0.5 * dt ** 2 * A0
32 for _ in range(1, M):

3 Un =2 * Uc - Um + dt ** 2 * thomas(Td, Tl, -(c ** 2) * tri_mul(Sd, S1, Uc))
34 Um, Uc = Uc, Un

if not np.isfinite(Uc).all():
36 return np.inf
37 return np.max(np.abs(Uc))
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